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Examples are constructed of division rings finite-dimensional nd central over 
the rational field Q having subfields with Galois group isomorphic to the al- 
ternating group A,. Similar results are obtained for any number field k when 
v’-l$k. 
INTRODUCTION 
The theory developed in this paper follows closely along the lines of [3] 
and [7]. Suppose k C L are algebraic number fields. Following the terminology 
of [7] we will say L is k-adequate if L is a maximal subfield of a finite-dimen- 
sional division algebra central over k. A finite group G will be called k- 
admissible if G is the Galois group of a normal extension L/k with L k- 
adequate. 
It has not yet been determined which finite groups are Q-admissible, where 
Q is the field of rational numbers. Theorem 4.1 of [7] says that Q-admissible 
groups must have all Sylow subgroups metacyclic, but the converse is an open 
question. In [3] it was proved that the alternating group A, is admissible 
over all number fields; furthermore ([3, Theorem 1.11) any group admissible 
over all number fields must have Abelian Sylow subgroups. The converse of 
[3, Theorem 1.11 is also an open question. However, every finite group is 
admissible over some number field by [7, 9.11. In this paper we show that 
A, is Q-admissible. Unfortunately, we are not able to determine whether 
A, is admissible over all number fields; our strongest affirmative result 
(Theorem 1) says that A, is k-admissible when 2/q $ k, but an example 
will be given (via Theorem 2) to show that the condition v’/-1$ k is not 
necessary. 
What is developed here still leaves open the question of whether A, and A, 
are Q-admissible; by [7, Theorem 4.11 A, is not Q-admissible when n > 8. 
In Section 2 we apply results of Neukirch to show that all metacyclic 
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p-groups are Q-admissible. Thus the converse of 17, Theorem 4.11 is true for 
p-groups. 
For notational purposes, a division ring D finite-dimensional and central 
over a field k will be called a k-division ring. Throughout this paper the 
theory of valuations or primes of algebraic number fields is used freely, 
together with the theory of Hasse invariants for division rings defined over 
number fields. Recommended references for this material are [2] and [6]. 
If k is a number field we write 0, for the ring of integers of k. For any prime 
r of k we write k, for the completion of k at 7r. The same notation r will be 
used for the corresponding prime ideal of OK and, when convenient, the 
maximal ideal of the ring of integers of k, . The valuation of k determined by 
7~ will be denoted a, ; all valuations used here are additive with value group 
equal to the integers. The order of a finite group G is denoted by / G I. 
1. A CONSTRUCTION FOR A, 
Suppose k is an algebraic number field and&) = x5 + ax + b where LI, 
b E k. The discriminant off(x) is D = 28a5 + 55b4. If L is the splitting field 
forf(x) over k, then the Galois group G = Gal(L/k) is a subgroup of A5 if 
and only if D is a square in k. It is easy to verify that for any c E k, setting 
a = c2(1 - 55c2) and b = 4ac makes D = 2%z4c2, a square in k. 
THEOREM 1. If k is an algebraic number jield and xi-1 # k, then A, is 
k-admissible. 
Proof. Since d-1 $ k the Chebotarev density theorem says there are 
infinitely many primes rr of k for which ~‘2 $ k, . Let ?T~ and 7~~ be two 
such primes not dividing 10. A third prime 7~~ is to be chosen subject to the 
requirements: 
(4 5r3 # 7rTT1 or rrz 
(b) The equation x2 - 5 has a solution (mod r3) 
(c) n3flO. 
There are clearly infinitely many primes satisfying (a), (b), (c) since as x 
runs through 0, the polynomial x2 - 5 assumes values divisible by infinitely 
many primes 7~ of k; we choose rr3 to be any one of them distinct from rTT1 and 
7T2 . 
Let r = r3 and choose z E Ok subject to z2 = 5 (mod r). If z2 = S(mod r2) 
then, for any T E 7~ - r2, we have (z + T)” - 5 = z2 + 227 + 72 - 5 = 
2zT(mod r2). Furthermore 227 + 0 (mod r2) since r r 10. Thus changing 
notation if necessary, we can assume that z2 z S(mod V) but z2 + S(mod r2). 
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Using the Chinese Remainder theorem we construct ri E 01, (i = 1,2) subject 
to: 7i E nTTi - ni2, ri = l(mod Z-J for j # i, and Ti = l(mod r3). Again 
using the Chinese Remainder theorem we construct d E 01, so that: 
d = z(mod z-&, 
d = l(mod ri) i= 1,2. 
Now set f(x) = x5 + ax + b, where a = r,2T,254d2 - 557,4r,4 and b = 
b = 4T1T2a. Let L be the splitting field off(x) over k. The discriminant of 
f(x) id D = 2*a5 + 55b4 = 2*a5 + 2s55T14T~a4 = %$(a + 55~,4~24) = 2*a4 
54d2T12T22, a suare in k. Hence G = Gal(L/k) is a subgroup of A, . 
We assert that f(x) is irreducible over k. In fact we will show that f(x) is 
irreducible over k, when v = n3 . To see this, note that a = T,2T2254(d2 - 
5T12T22) is divisible by ?T~ exactly once Since d2 - 5T12T22 = d2 - S(mod rr3) 
and rr3 +’ 57172 . Similarly, b = 4T1T2a iS divisible by 7~~ exactly once. Hence, 
by Eisenstein’s criterion, f(x) = x5 + ax + b is irreducible over k, when 
n = rTT3 (and so also over k). It follows that 5 1 1 G I. 
Let q = ri for i = 1 or 2. Since a = T,2T2254(d2 - 5~~~7,~) and d s 1 (mod q), 
we have v,(a) = 2. Thus u,(b) = 3 and the q-adic Newton diagram off(x) is: 
It follows thatf(x) has a q-adic root c andf(x) = (x - c)g(x) in k,[x] for 
some manic quartic polynomial g(x). To show that g(x) is irreducible we must 
rule out the possibility thatf(x) = h(x)l(x) where h and 1 are manic of degrees 
2 and 3, respectively. From the Newton diagram it is clear that, if they exist, 
h and I have the forms: 
h(X) = X2 + 701X + T/ii, 
l(X) = X3 + TyX2 + 78X + y2E, 
where 7 is a uniforminzing parameter in k, and 01, /3, y, 6, E are q-adic integers. 
Equating the coefficients of x3 and x in the identity f(x) = h(x)/(x) gives: 
0 = 78 + T2cXy + Tp 
a = T3aE f T’/&% 
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Hence /I + 6 = O(mod T) and /3S = (a/~“) (mod T), from which we deduce 
,6’ := -(U/T”) (mod T). But Clearly from a = T12T2254(d2 - 5T12Tz2) one sees 
that U/T” is congruent to a square (mod T). Thus both U/T” and -U/T” are 
squares (mod T), from which it follows easily that -1 is a square (mod T). 
Thus Hensel’s lemma gives ~‘-1 E k, since 4 7 10, contradicting the choice of 
rrl and rr2 . This establishes that g(x) is an irreducible quartic in k,[x]. Thus 
7rI and 7r2 each decompose in I, as a product of two primes of degrees 1 and 4. 
Let wi(i = 1, 2) be the corresponding prime of L of degree 4 over ni . 
The argument above shows 4 1 1 G I. Putting together the data to this point: 
GCA,and20( IG], so G is a subgroup of A, of order 20 or 60. As A, has 
no subgroups of order 20 we may conclude G = A, . 
We claim that L is k-adequate. By [7, Proposition 2.11 we need only 
show H2(G, L*) has an element of order 60. Furthermore, since all Sylow 
subgroups of A, except the 2-Sylow subgroups are cyclic, we need only show 
H2(G, L*) has an element of order 4 (see [7, Page 4551). To see this, let D be 
k-division ring defined by Hasse invariants as follows: 
! 
1 
inv,(D) = -; 
when rr = w1 
when x I= w2 . 
0 otherwise 
By [7, Proposition 2.51, the class of D is in H2(G, L*) and of order 4. Thus L 
is k-adequate, and so G EZ A, is k-admissible; this completes the proof of 
Theorem 1. 
The next result is intended to show the condition d-1 $ k in Theorem 1 
is not necessary. 
THEOREM 2. Suppose k is an algebraic number $eid having at least two 
primes rrl and rr2 lying over 2 so that the residue degrees of nI and r2 over Q 
are even. Then A, is k-admissible. 
Proof. Let rr = mIT1 or 7r2. Since Olcln is an even dimensional field exten- 
sion of the prime field Z/(2), it contains a primitive cube root of unity. Hence 
there is an element a: E 01, such that ~11~ + 01 + 1 = 0 (mod VT). Let e be the 
ramification degree of r over Q. Put /3 = 1 + 2~. Then /3” = 1 + 401 + 4a2 = 
5 + 4( 1 + 01 + a”) - 8 = 5 mod (~-~~+l) since 3e > 2e + 1. Now suppose 
that /I” = 5 mod (7~ 2e+2). Let 7 be an element of 01, such that T  E n - n2. If 
y = p + 27, then y2 = fl” + 4T/? + 47’ = 5 + 4Tp (mod z-~~+~) + 5 (mod 
@3+2) since m2e+l exactly divides 47$3. Hence, changing notation if necessary, 
we may assume that /?” = 5 (mod 7~~~+l), /3” * 5 (mod rr2e+2). 
Since z was equal to nTT1 or 7~~ in the discussion above, we have really 
determined elements fil and /I2 in Ox so that: /Ii2 = 5 (mod ~~~i+l), pi2 $ 5 
(mod z-2ei+z) where i = 1 or 2 and ei is the ramification index of vi over Q. 
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We select, using the Chinese Remainder theorem, an element 6 E OK such 
that: 
(a) 6 = p1 (mod z-iel+‘) 
(b) 6 E p2 (mod T@+~) 
(c) There is a prime rr3 not dividing 10 so that a2 - 5 is divisible by 
n3 but not by nS2. That condition (c) presents no problem was demonstrated 
in the proof of Theorem 1. 
We now set c = 5F36, a = c2(1 - 55c2) = 5-6S2(1 - 5-lS2) = 5-‘a2(a2 - 5), 
and b = 4ac. Let f(x) = x5 + ax + b, L = splitting field for f(x) over k, 
and G = Gal (L/k). Exactly as in the proof of Theorem 1: G C A, , f(x) is 
irreducible over k, and 5 1 1 G I. 
Let i = 1 or 2. By the construction of 6 we have ~,~(a) = 2ei + 1. 
Thus urni = 4ei + 1. The r,-adic Newton polygon off(x) then has the 
form 
(5,O) 
There are no lattice points on the edge from (1, 2e, + 1) to (5, 0), so f(x) 
splits vi-adically into a linear factor times an irreducible quartic. The proofs 
that G = A, and L is k-adequate now proceed exactly as in Theorem 1. 
A field for which Theorem 2 applies when Theorem 1 does not is k = 
Q(v’~, d/3, d/7). In k the prime 2 has two divisors each having residue 
class degree f = 2 and ramification index e = 2. This field is minimal in the 
sense that any field satisfying the hypotheses of Theorem 2 is at least 8- 
dimensional over Q. We are not aware of whether A5 is admissible over 
k = Q(d--l). 
2. NILPOTENT GROUPS 
The aim of this section is to establish the converse of [7, Theorem 4.11 for 
p-groups. Actually we shall prove a bit more: all nilpotent metacyclic groups 
are Q-admissible. By [3, Theorem I.11 the general nilpotent metacyclic 
group is not admissible over all number fields. 
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Suppose G is a metacyclic nilpotent group. 
We wish to derive a standard presentation for G. As G is metacyclic it has 
a normal subgroup N so that both N and G/N are cyclic. Choose S and Tin G 
so that T generates N and the image of S in G/N generates G/N. Then T has 
order e where e = 1 N I. If f = / G/N I, then Sf = Ti for some i, 0 < i < e. 
As N is normal in G we have STS-l = T” for some integer a relatively prime 
to e. (The case e = I orf = 1 is not excluded). Clearly now G can be charac- 
terized as the group generated by S and T subject to the relations: 
T’ = 1 
Sf = Ti. (2.1) 
STS-1 = T” 
The order of G in the presentation (2.1) is ef. 
THEOREM 3. Any metacyclic nilpotent group G is Q-admissible. 
Proof: Suppose G is given by the presentation (2.1). By Dirichlet’s 
theorem there are infinitely many primesp satisfying: p = a (mod e). In order 
to avoid the special case of the Grunwald-Wang theorem we choose two 
such p1 , pz # 2. By [l, Theorem 91, G is the Galois group of some normal 
extension Li of QDd (i = 1,2) of residue class degreefand ramification index e. 
Since G is nilpotent, we can apply [5] to solve the “embedding problem”; 
there is a normal extension L of Q with Galois group G so that the completion 
of L at the prime pi is the given extension Li . 
It is enough to show that L is Q-adequate. Let m = ef and let D be the 
m2-dimensional Q-division ring determined by: 
l/m 4 = PI 
inv,D = -l/m 4 = P2. 
0 otherwise 
By construction L splits D, and hence is a maximal subfield of D by [2, 
Theorem 27, p. 611. Thus G = Gal (L/Q) is Q-admissible. Note that the 
special cases e = 1 or f = 1 give the already proved result in [7] that cyclic 
groups are Q-admissible. 
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